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Mustract

This paper is s sontinustion of the previocus report urder Lha
seme title, datsd Vay 18th 19%%, In this papsr & wmore genersl
sxpression te sbtained for the stesdy states, 2nd & berimming la
avde towards developing a3 theory of elsctriorl reststsnce st vory

low temparatorves, bSssed on Lhe reav potnt of view,

Introduction

The system undsr disouesicn consiats of sn electiron and »
isttice with its epactrum of normsl modes, or phonons. The Asmiltonlan
tavolves three tarms, the sleotron in the lattice fisld, i-e phonons,
snd the interaction betwesn ths slectron and vhonons thet ocours bdecsuss
of the phonon modulations of the lettioce potentiel. In Bardeen's
recent work (1) thia whole systsu is trested quentun-mechantoslly®, »
sulteble weve function being s product of twe factors: (s) » Blooh
funetlon of thw electren ooordinstes, end {d) » funotion of the genersl~
1284 ceciilstor coordinete: of the normsl modes of the lattice. The

significencs of this procedura does not saen to have been gensrally

¢ Baerdsen's work wee incorrectly assseswed in the first report, p.10.




reocinioed.  Iw our provious thimking om this prodles, the intersaticn

betwrarn wlsotron snd phonon hes been Leken ss 8 Siwewdependont periurh-
ation of the firid (n which the 2inotron soves, ths phonen helng nothing
wore than the clessiosl mtion of the letiics potnts {2}t end the
resiatonoe of the lottice wea thought o “e due to the sssttsring of the
elactron due %o this tire-dependent perturbattom. '
e mew quantum-neohmicsl pleture of the phonons hae the effect of
replecing tiw oleswlcsl]l motion of the lstttos polints by hermonio osoill~
stor prohabllity functions, snd the perturbetion dus to the istersation
betwsezm phonoms snd electron no louger contsins tiwe explicitly, bdut ts

s funstion only of the generalized eoordinstes of the norms]l wmodes end

.,
H

Y the position varisble of the electron wavse functlon,

' such & system there oan de so gquestion of scettering from om
state o snother i{n the course of time beocsuse tiss 1is edaeat from the
Rnﬂtonim sompletely. 9tenderd perturbation theory, 1f sppltea
sorrcotly snd consisten*ly to this new problem, lesds cu.tmtlually to
etsady state soluttions. Even though these stesdy stste solutione mey
not in prectice be found exeotly, thay do inm prinoiple exist. Thase
solutions ers steady in the sense thet the system ss & whole, eleotren
plus lattice, doss not ohenge with tims. Ome quontum of energy passes
contirually besck and forth bhetween the elsctron and lettlos. "rom the

claselosl point of view, when s quantum of eneryy pesses from the




elsctron to the lattics, 't s *‘mre lowt to kret, and slscivon

scettering resulte, On the mew roint of view there i e rescnance
betwoen latiios mnd elsctron, so the guertul ‘s pot 1ot bul frese:tly
raturned to the slsotron. Such s resonence wes irconoetivsble olessioally
dut s =n tnevitadle result of the true vaurtur plcture.

Sesring thess potnts in sind, one is led to wore genersl vsvs
funotions thsr those uwed by Berdeen. In his work it wes sssumsd thet
the phonons remein tn their lowest zere-point encrpv states. On the
gressnt pleturs this oen hardly te setisfastory, becouse snergy nsotsserily
pasess beck and forth between lattice and eliectron, so thet the phonons

ot sxolied by the resaonsnoe procsas.

™he resonsnce states

To desoride the combined systea, we use Bloch frees-electron weve
functions ulk, r) where X s the vsve-nuubsr vector. Por ths
phonons we use the norssl modes of the lsttice: ¢the displecerant of &

latiios point ot equilibrius postitiorn ¢, dus to the pth normel mode fs

clssstiocsliy

Q) = A, o'"P% con(Rp.0) (1)

where w, ls the snguler frequency of the pth mode, p 1s the vector

(27r/1L) tiwes the integral set of weve numbsra, end the cosine is to bde

-~
understood se the product of three cosines, bne for eech diwension of the
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eryatal, wids L, Tha coefTiclents

+
p(8) o« a e (2)
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sre gemorellsmd coordinstes for the phonon wation, sd the classtosl
fisatltonten in terms cf these soordinetes is well-known (3):

P | d
j Following Rardssn, we now trest the phonon pert of ¢t problem by

replecing thw Hemiltontan (%) by the operetor
Mok = - wz;w/ayg ~ i dyid ()

The eigentunctions @ sre produsts of Hermite polynonisls of the
sizple harmonte ceoilletor, ons for such normsl mode coordipate, the

sigenvaluss beling sums of the terms (ny* ,‘;)mpz

R T(; Rp 87 5FF 1 (o) (5)

where  of, = wi/h, ond K, ere normslizstion comstents.
T™hils funotlicn dapends on ell the normal ocoordinates Yp snd the stests
is spacified by the sot of gquantun numbers Ty, ons for sach mode,
solleoctirely repressnted by the symbol {n].

“oupling between the eleoctron and phonons is secursd through the
phonen wmodulation of the lsttiec potentisl. If {e phonon smplitudes
are not too preat, we mey meglect snharmonic saffeots, and the potential

modulstion is preportionsl to twe relstive dlaplecements of the lettiae




poiris, z.2 thsi we may write for ihis sodulattons

VvV = é’;’:« K, ¥p sinllp.r) { £

M
)

where again s product of three sines ls underetood, ’p is the
nnreel mode coordinete of wg.{2), snd !(, s proportioneltity sonatent
depanding on the form of the lattlos potentisl, NKote that V is
not » function of time explioitly.

T™he gonbined Hamiliontsn im now

R oo = (672002 + Hopon * Vigee * ¥ €2
where Viget I8 the potentisl of sn slectron in the tdesl lsttioe.

If ¥ were zoro, the elgsnfunctione of H would de

Llameoinen] = ulendtinlin) (8)

We now regerd V ss e perturdation, not time~dependeni, ed tnerefore

ssek linesr comdbinstions of eigenfunctione 1lke (8) for the perturbed
Famlltontism. Derdeen does this by forming linser combinations of the

Blosh functions, retsining the osollletor fsotor & unchanged. This

proosdure is not os~neistent with our present ploture, whisch must cllow

for excltation of the phonons slso. Inestesd ws therefore form ths mors

psoeral linear comhinetion es follows:
\:E[({n'i.k)(isj.r)} = u(lr)#{nl.iy}) -

Z(?-}. 1) % (§n}, %) efi=le ) wlhmdKishiis}) (D)

|
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raosgx. Ly 2 signlines L Lo bo repreeeniac Ry n deter L. -’
formed 1onm (5) vith ros;sotl tc come specifie? spscirum of & GECt et .
vor tts wearnt ws mhall nut be concsrred witih ¢ths effeote of the
exolusiun principle, snd will omit thy ocomplicetions of forwellam

nsaded tn hendle the determinsnt forms.

1tsnderd verturbatlon procedurs spplied to {(9) leads ut once to

gl ) [£%Cn, 0 ~ %(el, ] -
)]

¢ ) 7 ', i : ¢
o(§e!,{n} \ilvl.tt\k) * Z%t(f!ntnﬁp.?‘w)(fmfiycs,ni)hp (1c)
where E%(§nl,k) = 22 njﬁwp + hoKk2/2a% (11)
P

Nere ths metrix e¢lenmonts (jl ‘k) sre with respeot to the Bloch
functivng, and the clerents (sm}‘ \gnl) sre wiik respect to the
veol! rrvor funollono. The wass w s %4re =.:2ctive mass of the

eleot,un for the Bloeh Punations.

Hov the elements ({mé;yp!}nj) of the mutriz of yp ore ell

zoro 2 xo8pt thoss for which one and only on® nemder, np of the set

[m} differs Prom the corresponding member n_ of the set § n} by

P
unity ., * n 1 (12)

in wilon oeee

(}l“’d’l” te either (np~ l)"*’h/zwp or npéhfzup (13)
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sgeln tie welriz wicwunte {fgzainfp.rik} rvanish unlees
Jok=p (1
in whigh cese the elemsul ¢ gusls unity. Thus wo ey sxpross ire

sipanfunctions {$} in the form

Winblslr) = wlen@inslfs]) o

+»

Z (3]¥1ateldul s, 23 0l yY)
Jokk 8%(inl, k) - e%(fn}, 1)

3 (X2 ) (mg + 1Y wliep, )Ry ])
P E%(§nl, k) - E°(n'],kvp)

> sy a.¥ wliep, r)d L1 v])
P EImL0) - EXin]ker) (12

where fn’} e tdenttosl with §n}] except thet n. = n, * 1

“""1.

snd {n"} s tdentical with §n] exept thet n, = m,

The snergy of thie state to meoond order terms is
3(‘“‘-*) - ‘oiiﬂ\lk) * Lé}fvlutt ar *

2y Glnyd© 2 7{E%ni0 - egnlan] o

M

(/2 0 1) / [20%GnL0 - 2o, ien)]

M

, (XA P/ E:“({nl.k} - %o ien)) (16)




he 1ast 1~ #xpressions represent the resonencd anergy of the eixiiren,

in eazond order, in réspones to sntics scousticsl speolrum present in
the lattico,

The sbove spproximstion fsils only when deganersoy cocurs betwsen
states Por whioh the nursrators do not ventsh identicelly. This oscure
with the sxpression in the sscond 1ims of (16) st the 3looh zons bound-
sriss, snd is removed in the fanilisr feehion lowmding to energy diseont-
imitiss ot the sone bounderies. The resormnoe termws give siamtler
trouble when the wave nusder vector k has sny of the speaisl velues
ot whioh

(027200} + )2 - 127200 « Lo (17)
when the kinetloc snergy ohsnge in the elaatron sxsotly squals the
sccompenying chenge in scousticsl energy. If © is the sngle Delween
thes veotors k and p, snd If o s the velocity of propsgation of the
phonon in the lsttioce, this condition cean be written

2k coe® = -p ! who/m {18)

The treuble 1L removed in the sae way es vith the sore bounderties. f
Por sty stats k for whioh {18) ts true, the stete ktp must bs ?
included in the weve funotion in rothorder. The linser coumbination
in seroth order thet dlagonslises the singulsr setrix (3) ts eosily
found toc be:r Jsse |, positive eign in eq.(18).

D - a‘*&-{karmn'!,r) - u(wsrmgn};ﬂ] (19)
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The Lxo eipns here give the two alternstive parturbed sereth-urder
wave fuansiione corresponding to the two unpsrturded weve funcliocns

st (§n}, k) end {Sg{'},k@p). nueme 1%, nezetivs sipn In ag.(13):

J,o- E“ﬁu(k,r)ﬂfn'i.y) e u(kvp;r}ﬂ([nﬁd)} (20)

The first order perturbetion energy  sorompenying theme zeroth ordez

resonsnoss is:

neas 42 v Qm\'p(npv 1)‘%/\!9 (21)

Cose il T K n k,/w
“ PR TP
T™he lowest erergies are in genersl those in resonsnoe with the lowest

frequenay phonons.

Evidently 4the currente carrisd by these resonance stastes sre
cscllletory (n time, But tholr meen valuss ere stmplo means betwsen
the free-pspticle currents oorrnp:ndlng: to the wsve number veotors k

md kvp. The reslstance of the lsitioe due to these purs phonon .

interactions is therefors abaolutely sero. ! siste of mro ourrent

is slvays avellsdble by comdining two resonsnce sistes corresponding

to opposits aurrents, end will in genersl bs lower in enerpy ths p

e stste of finits nmet current.
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As cupheslyed Ln the previous report, the resistamce of the
phonon-zoduleted lattloe cosces to be maro only through rendom
transitions smong the phonon ststes induced by ifheml fluctustions,
To find a wechanism for such rendom tremsitions it is notl neces<ury
to inclute smharmonic terme in the Hmmtitonien. In en tded orystsl
model, set up for the discuseion of the Debys thwory of speoifio
hest, the phonone sre stending waves produced by rafleetton st the
perfect boundaries. We nov oonsidér & singls domein having sll the
1deei charssteristios required, excopt that Lt 4s Lurrounded by ¢
therasl bath. tere (ts surfsce is sudjested to randou pressure
fluctustions, whioh, translatsd, mesns it i»s bdomberded by random
sooustio twpuless. The stending waves wialn the oryetsl sre than
subjeot Lo rendom changes in phese through the motion of the reflect-
ing boundmries. Such phase ahifts show up in ¢q.{2) in the form

g o= v et (22)
whire y; e the modifted gemeralised coordimate snd the phase shift
s t’ cor\\mins to the PP mode. The Fermitien form of Haatltonian

perturbetion corresponding to suoh o phmes shift in eq.(3) Ls emily
shows to have tim forn

LR w2 wta(26)) ¥2 (23)

ond wran Ui phee® ehift is suf“ioiontiy smeil we may writs

L -F’yi 5, (243
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ram natrlx o f thie pert.abation with recpeet o 72 wnperiurste

repy-nio orrelikor wave functionas of thon acntals wily threes ssty
of oomponeniis as follows:
‘.'. - . r————————.
(”p%“p‘”p’z) L R npcl}(nﬁ*ﬁ)
BT - : o e 1 25)
(n\H|mp) Mwpop (mg __i)“_ (25)
ETL w e b 4 n 3w -1
(=, |45 |2p=2) nwpBpalng)(ng-1)

"hs perturved oeolllstor wave funotion, tc first order in Sp. ts

g = ¢ + §8p¢; np~1 \n?aa) - ﬁépﬁ_ggnplnp«ii {26)

4 “o

whare ﬁ;; {s the unperturbed omctllrtor fi-ction, ¢;P is the
unperturbed osotllstor functlon with np+2 reolecing Ny and ¢;p
the same with npva replecing ag. Tne probebllity that the syestam
be removed from its oriplinal s'ste ﬁEF by the single phass jump is
therefore i%g(l N, ng) 1 Gp such phese jumps ocoocur
per unit tizs, we can define s relaxetion tine 'B‘p for the soattering
out of the original stsle:
1/%; - éogsz (1+ n, * na) (27

At ordinary temperstures thsse transitione in phase snd resulting
trarwitions in phonon stetes, would be sc rapld, presumsbly, thet it is
ussless to ploturs the slectirons as forsing rescnance sistes with the

indlvidual phanon stetess fp, the life~time of the phonon state being

too thort. The stenderd ploture of resistancs in which the elsotrons

i
- f
s
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ars 06 srad oul of Lhrir vrdlvsry womontum slotes, 2 Lren “hr ore

reslinzic. DBut s sufrilcliently low temperstures, we pey resscnzbhly
suppose thet the life-time of the phongn stetes beaoozes losg enougn

snd the plioture hore developed becowss usefuls ne=mly that the ole~trons
Porm resonsnos states with the phonon stetes, snd get ehoken cut of
these regonancs ststes only through the phonon-tremsitions with s
frequeroy given by (27).

It is olcsr now that on *he present rodel, slectriesl resistance
cen vanlsh st & Pintte temperrture omly if the chese juaps due to
fluctustions dlesppear. Lst us consider what happens whern a phese
shift is produced st s fiuctueting Soundrry. The phese shift csmnot
fwredistely affeot the standing weve es & vhols, but is propegsted
throughout the orystsl with the syeed of sound. Meanwhlle sn snergy
of misfit exists in the lattice st the sres of comtaect betwsn the
old end the new phases regions. IL therefors tskes s positive erwrgy
to produos the phase shif'ts, snd it is quits concelvadle thet ot low
snough temperatures the fluctustion mechanism mey be uneble to supply
the required smergy. It is possihle to [rove, in terms of a plsusible
model, that & tranmsition tempsrature sxists delow which phese ooherence
beping to bulld ap.{3). Such s phase coherence would inoresse the

life-time of phomon etstes end open the wsy for superconductivity.
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